It is proved that every tree T on n > 2 vertices contains an induced subgraph F such that all its degrees are odd and 1 F 1 >rn/21,
Recently, some results were obtained (see [2] ), of which we choose to mention here the following theorem. Our main object in this paper is to prove Conjecture 1.2 in the case of trees and to show that c = i is permitted. Some related problems will be considered.
The notations used in this article are standard following [l] . In particular, 6(G) and d(G) denote the minimal and maximal degrees of G, respectively. If A c V(G) then (A) is the induced subgraph of G on the vertex set A. Finally, for i=O, 1 let the function fi(G) denote the maximum cardinality of an induced subgraph H of G such that all the degrees in H are congruent to i(mod2). Hence, by Theorem 1.1,
Results and proofs
We start with one of the main results.
Theorem 2.1. Let T be a tree on n 2 2 vertices. Then fi (T) >r(n + 1)/21 unless T= Pq, in which case fi (P4) = 2 = n/2.
Proof. We use induction on n. For 2 d n < 9 the assertion of the theorem is easy to verify by direct checking (see [2] for the list of trees). Let ti denote the number of vertices of degree i in T. Consider the following cases.
Case 1: Each vertex of even degree (even-vertex) is adjacent to an end-vertex.
Then by deleting an end-vertex from each even-vertex, we are done since we can proceed as follows:
(1) By the assumption, tl>C,liti.
If ti#O for some odd i33 then n=Citi> 2Czliti+ 1. Hence, Czliti<(n-1)/2 and after deleting one end-vertex from each evenvertex, we are left with at least r n -(n -1)/2]= r(n + 1)/21 vertices. Moreover, if rl >Czjiti then again Csliti<(n-1)/2 and the same argument works.
(2) We may assume that t1 =Czliti and, as n 2 5, ti >0 for some i>4. Let v be an even-vertex such that deg(v)=d 84. Consider the components of T\v, T1, T,, . . . , T,,. Clearly, I T1 I = 1 for the adjacent end-vertex, but for 2 d k<d, Tk is neither an isolated vertex nor a P4 (because of the assumption of Case 1
and (1)).
Hence,f,(T)~r(n+1)/21. Hence,f,(T)a r@+ 1)/2 1.
If now T1 = P4 and T2 # P4 then there are exactly two cases as indicated in Fig. 1 . In both cases we can delete vertex u instead of u, and apply induction, since n >9, to obtain the required result.
Finally, suppose T, = T2 = P4. Then T must be one of the trees in Fig. 2 . In each case we may consider the induced graph on the vertex set (a, b, c, u, d, e} Now if t < 2k-2 then k-t/2 2 1 and we obtain Hence, we may assume that 2k-1 < t<2k. From each of the components ri= P4, 16 i Q 2k -2, take an edge whose vertices are not adjacent to u and consider the last component T'= TZk_ luT2ku{~}. By induction and the construction above (as T'f P,), we have
fi(T)8(2k-2)fl(P,)+fl(T')~4k-4+ (m2k-1 +y2'+ ')+ ' 1 >4k-4+
*2k-l+*Zk 2
Hence, fr (T) > [(n + 1)/21. This completes the proof of the theorem. El
We conjecture that the following stronger result holds.
Conjecture 2.2. For every tree T on n>2 vertices fi(T) >(2n-2)/3.
One may see that Conjecture 2.2 is sharp for paths and some spiders, but for forests the lower bound n/2 is best possible, as one may choose a forest consisting of P4 trees only.
The proof technique of Theorem 2.1 can be used to obtain a sharp estimate to the following problem: Proof. Apply induction on n. For n = 2 it is easy to check. Suppose we have proved it for 2 <m < n -1. We prove it for m = n. Consider two cases. Case 1: There is a vertex u, deg(u) ~0 (mod k), which is not adjacent to any end-vertex.
Consider F= T\(u). Let n,, n2, . . . , ntk be the orders of the components of F.
Obviously, we have 1:: 1 ni=n-1. By the induction hypothesis we get
Case 2: Each vertex of degree O(mod k) is adjacent to at least one end-vertex.
For each such vertex choose one end-vertex and delete it. Then in the resulting tree T' there are no vertices of degree 0 (mod k). Let ti denote the number of vertices in T with degree i. Then Cy= 1 iti = 2n -2 and Cl= 1 2ti = 2n.
By subtracting the last two equalities we obtain Cl= 1 (i-2)ti = -2 and, hence, tl-2=C1=,(i-2)ti~C,,i (k-2)ti. Adding 2+Ckli ti to both sides, we get (k-l) Ckliti+2~tl+Ckli ti<n. Hence Ckli ti<(n-2)/(k-1). Thus, the number of endvertices to be deleted is at most (n -2)/(k -1) and the resulting forest is of order at least
In order to see that the above bound is in general optimal, consider the trees, each of degree k, of the form shown in Fig. 3 .
We leave the easy details to the reader. 0
Finally, let fi, k(T'):= the largest order of an induced subgraph of a tree T in which deg(v)= 1 (mod k) for every vertex u.
The problem of estimating the lower bound of fi,k(T) is a natural generalization of the problem concerning fi (T). 
Theorem 2.4. Let k 2 2 be an integer and let T be a tree on n > 2 vertices. Then
Proof. For k=2 we already know the stronger result of Theorem 2.1. Suppose ka 3.
Consider the tree as rooted at a vertex v. For, j= 1,2,3, let Ej be the set of all edges at distance j (mod 3) from v. Then If= 1 Ei = n -1. Without loss of generality, assume that We conjecture that the following stronger lower bound holds.
Conjecture 2.5. Let T be a tree on ng2 vertices and k> 3 be an integer. Then n+2k-4 fi.k(T)a r , .
Note added in proof. We have recently learned to know that Conjecture 2.2 was proved by A.J. Radcliffe and A.D. Scott.
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